This paper studies the geometric design of spatial open loop prismatic-revolute-revolute (PRR) robot manipulators. Four spatial positions and orientations are defined and the dimensions of the geometric parameters of the PRR manipulator are computed so that the manipulator will be able to place its end-effector at these four pre-specified locations. Denavit and Hartenberg parameters and 4x4 homogeneous matrices are used to formulate the design equations. Polynomial Elimination techniques are used to solve these equations and twelve geometrically different solutions are found.
INTRODUCTION
The calculation of the geometric parameters of a multiarticulated mechanical or robotic system so that it guides a rigid body in a number of specified spatial locations or precision points is known as the Rigid Body Guidance Problem or the Geometric Design Problem. The precision points are described by six parameters: three for position and three for orientation. This problem has been studied extensively for planar mechanisms and robotic systems and has recently drawn much attention to researchers for spatial multi-articulated systems.
The equations for the geometric design problem of mechanisms and manipulators are mathematically represented by a set of non-linear, highly coupled multivariate polynomial equations. The solutions of these equations can be obtained by either numerical methods or algebraic methods. Algebraic methods solve the polynomial system by eliminating all but one variable that gives a polynomial equation in one variable. All the solutions are then obtained by solving for the roots of the final polynomial. Numerical methods, such as polynomial continuation techniques, may also be used to solve these nonlinear equations and obtain all the solutions. However, these methods may require large computation time and they mask the effect that each design parameter has to the solution. Algebraic methods are of interest because they give all the solutions, they are fast, and they give full insight to the solution process. In this project, we are primarily interested in solving the geometric design problem of spatial manipulators using algebraic methods based on polynomial elimination techniques.
Using algebraic methods, the synthesis of planar mechanisms for rigid body guidance has been studied extensively by many researchers and is described in most textbooks on mechanism synthesis [1, 2] . The synthesis of a few spatial mechanisms and manipulators has been solved using algebraic methods. The spatial geometric design problems that captured the most attention were the spatial revolute-revolute (R-R) [3] [4] [5] [6] and the cylindrical-cylindrical (C-C) manipulators [7] [8] [9] Other than these two dyads, the geometric design problem has been solved algebraically for the following spatial manipulators/mechanisms. Innocenti [10] solved the geometric design problem for the sphere-sphere binary link. Neilsen and Roth [9] solved the slider-slider sphere dyad, cylinder-cylinder binary link, revolute-slider-sphere dyad and cylinder-sphere binary link design problem. McCarthy [11] also solved the exact synthesis problem for several types of dyads. Even though algebraic methods had been demonstrated to be very effective in solving several geometric design problems for spatial mechanical systems there exist many types of robotic and mechanical systems that are used very often in practical applications for which the geometric design problem has not been solved before using algebraic methods. The main reason for this is the high complexity of the non-linear polynomial design equations that are obtained.
In this paper, the geometric design problem of the prismatic-revolute-revolute (PRR) spatial manipulators is studied and solved for the first time using elimination method. In this problem, four spatial positions and orientations are defined and the dimensions of the geometric parameters of the PRR manipulator are computed so that the manipulator will be able to place its end-effector at these four pre-specified locations. Denavit and Hartenberg (DH) parameters and 4x4 homogeneous matrices are used to formulate the problem. One of the design parameters is set as free choice and its value is selected arbitrarily. One way of selecting the free choice is studied and the design equations are solved using elimination techniques. Twelve distinct manipulators are found that will be able to place their end-effector at the four specified spatial positions and orientations.
PROBLEM FORMULATION
In this work, the relative position of links and joints in mechanisms and manipulators is described using the variant of DH notation that was introduced by Pieper and Roth [12] . In this formulation, the parameters a i , α i , d i and θ i are defined so that: a i is the length of link i, α i is the twist angle between the axes of joints i and i+1, d i is the offset along joint i and θ i is the rotation angle about joint axis i as shown in Figure 1 . When joint i is revolute, then a i , α i and d i are constants and are called structural parameters, while the value for θ i depends on the configurations and is called the joint variable. When joint i is prismatic, then d i is the joint variable, while a i , α i and θ i are the structural parameters.
Reference frame R i is attached at link i and its origin O i is the intersection point of the common perpendicular between axes i and i-1 with joint axis i. Unit vector z i of frame R i is along joint axis i unit vector x i is along the common perpendicular of joint axes i and i-1. Positive directions for x i and z i are arbitrarily selected. (Note: letters in bold indicate vectors and matrices.) The homogeneous transformation matrix A i that describes reference frame R i+1 into R i, and its inverse matrix A i -1 are found to be equal to: 
where: c i =cos(θ i ), s i =sin(θ i ), c αi =cos(α i ) and s αi =sin(α i ).
Consider the three-link open loop PRR spatial chain shown in Figure 2 . Two frames are selected arbitrarily: a fixed reference frame R 0 and a moving end-effector frame R e . Frame R e will be defined in three distinct spatial locations. In addition to the three links of the manipulator, a stationary virtual link 0 is also assumed between axis z 0 of frame R 0 and the first joint axis. Frames are defined at each link using the DH procedure described above. Frame R 1 that is stationary is defined attached at link 0 having its z 1 axis along the first prismatic joint and its x 1 axis along the common perpendicular of z 0 and z 1 . Frame R i+1 is attached at the tip of link i (where i=1, 2, 3). The axis z 4 is coincident with the axis z e of the end-effector frame. The axis x 4 is defined along the common perpendicular of z 3 and z e and the origin O 4 of R 4 is the point of intersection of z e with its common perpendicular with z 3 . So frames R 4 and R e have the same z-axis.
The homogeneous transformation matrices A i , with i=0, 1, 2, 3 describe frame R i+1 relative to R i . The homogeneous transformation matrix A c relates R e to R 4 . The relationship between these frames is a screw displacement: a rotation φ around the z 4 axis and a translation d along the z 4 axis. Homogeneous transformation matrix A h relates directly the end-effector reference frame R e to the frame R 0 . Matrices A c and A h are written as: An important feature in the matrix definition above is the use of matrix A c . In general, six parameters are needed to describe one reference frame relative to another. The DH parameterization succeeds in using four parameters for the relative transformation between frames within the serial kinematic chain itself only after the various motion axes are fixed. However, a special treatment is required, either at the origin or at the end-effector of the serial chain, the latter case being used in this paper. Assuming directions for axes z 1 , z 2 and z 3 relative to the fixed reference frame, then the displacement described by the product of matrices A 0 A 1 A 2 can be treated as a displacement of the fixed reference frame to the location of frame R 3 . At this stage, a general six-parameter displacement is needed to transform frame R 3 into the endeffector frame R e . The transformations described by the matrices A 3 and A c provide the complete set of six parameters.
The loop closure equation of the manipulator is used to obtain the design equations: (3) is a 4 by 4 matrix equation that results in six independent scalar equations. The right side of Equation (3), i.e. the elements of matrix A h , is known since they represent the position and orientation of frame R e at each precision point. The left side of Equation (3) Due to the degeneracy of the prismatic joint, the two structural parameters d 0 and a 0 , which define the relative location of the prismatic joint between the ground link and the first link, can be selected arbitrarily. This is because no relative rotation between the two rigid bodies connected by the prismatic joint is allowed, thus, unlike revolute or cylindrical joints, there is no axis of rotation and, therefore, the location of the joint can be selected arbitrarily and only the direction of the joint (specified by α 0 and θ 0 ) is essential.
Thus for four precision points there are 25 unknown parameters (excluding d 0 and a 0 ) in total, and there are 24 scalar equation that are obtained. Therefore, to obtain a welldetermined system the maximum number of precision points is four, selecting one design parameter as a free choice.
Due to the arbitrary selection of the positive direction of z i there will be two values for the twist angle, i.e. α i and α i +π, that correspond to the same joint axes i and i+1. Similarly, due to the arbitrary selection of the positive direction of x i , there will be two values for the joint angle, i.e. θ i and θ i +π, that describes the angle between x i and x i+1 . The consequence is that in this problem, where angles α i and θ i are calculated, both values for each one of these parameters will appear among the set of solutions. Obviously, only one of these values will be retained because they correspond to the same set of axes.
DESIGN EQUATIONS AND ELIMINATION
Using the loop closure equation of the manipulator (Equation (3)), six scalar design equations are obtained at each precision point. The unknowns in these equations are the manipulator constant structural parameters and the joint variables d 1 , θ 2 and θ 3 , which vary from precision point to precision point. The first step of the elimination process is to eliminate the joint variables from the design equations at each precision point. Once the joint variables are eliminated, the new set of equations contains only unknowns that do not change from precision point to precision point. In this section we present the method to obtain design equations devoid of the joint variables.
From
(4) then the scalar equations that are obtained by equating the left and right side of the third and fourth columns of matrix Equation (4) will be devoid of joint angle θ 3 .
From the third column of Equation (4), three scalar equations are obtained:
where L i =l i A+m i B+n i C, with i = 1, 2, 3, and A=sφsα 3 , B=cφsα 3 and C=cα 3 with cφ=cos(φ) and sφ=sin(φ).
From the fourth column of Equation (4), another three scalar equations are obtained: Note that c 2 and s 2 can be computed by using Equations (7) and (10) . These results are substituted into Equations (5), (6), (8) and (9) and these four equations are now free of c 2 and s 2 .
To obtain equations free of d 1 , we first solve for d 1 from Equation (9) , and substitute the result into the remaining three equations. These three equations are now free of the joint variables. In these equations, there are terms that do not change from precision point to precision point and there are terms, whose coefficients are elements of matrix A h and therefore depend on each precision point. By subtracting each one of Equation (5), (6) and (8) for the first, second and third precision points from the corresponding equation for the forth precision point, the constant terms a 0 , d 0 , a 1 , d 2 and N=λcα 2 , where λ=a 2 /sα 2 , are eliminated. After the subtraction, Equations (5), (6) and (8) now have, respectively, the following form:
Where S={U, V, W, P, Q, R, T} and U=λAsα 1 , V=λBsα 1 , W=λCsα 1 and T=1. Each of the first, second and third precision point contributes one set of the three Equations (11), (12) and (13), therefore, there are nine equations in total.
Note that all these nine equations are homogeneous in sα 1 and cα 1 , hence, by dividing each equations by sα 1 an appropriate number of times, these equations are made to depend only on cot(α 1 ) (abbreviated as ct α1 ). Also, as one free choice is needed, the design parameter θ 0 is selected as free choice and its value is selected arbitrarily.
These nine equations can be written in matrix form as: 0 = Mv (14) Where M is a 9 by 7 matrix with the first three rows coming from Equation (11), the next three rows from Equation (12) and the last three rows from Equation (13), v is the vector [U V W P Q R T]
T . To eliminate the seven variables in the vector v, we need to choose linear independent rows from M to form square matrices and equates their determinants to zero. A 3 by 3 square matrix F can be found by choosing the first three rows. An additional eighteen 7 by 7 square matrices can be formed by deleting one of the first three rows and one of the last six rows of M. These matrices will be denoted by G(i,j) which stands for deleting the i-th and j-th rows of M. These nineteen matrices correspond to nineteen systems of equations:
Where w=[U V W] T . Since v and w cannot be the zero vectors, the determinant of each one of the nineteen square matrices must be zero and nineteen equations free of U, V, W, P, Q, R and T can be computed: T and H is a 27 by 15 matrix whose entries are functions of cα 0 and sα 0 . It should be noted that the twelve equations obtained from D, D(1,4), D(2,5) and D (3, 6) are considerably simpler than the other fifteen equations. By choosing the corresponding twelve rows from H together with the rows corresponding to D(1,9), D(2,9) and D(3,7), a square sub-matrix H * is obtained. Since u cannot be the zero vector, det(H * ) must be zero, therefore, by taking the determinant of H * , a new equation with only cα 0 and sα 0 is obtained:
By using the substitution sα 0 cα 0 =t/(1+t 2 ) and cα 0 2 =1/(1+t 2 ), a final 30 degree polynomial in t=tan(α 0 ) is obtained:
However, it is found that only twelve of the thirty solutions are true design solutions and the other eighteen solutions are extraneous roots.
These twelve solutions of α 0 are used to compute the other structural parameters and the joint variables of the manipulator. The procedure is explained in the next section.
BACK SUBSTITUTION
Each value of α 0 is substituted in the set of Equation (17). Fourteen linearly independent equations are used to form a linear system and calculate the values of c 1 , s 1 and ct α1 and hence for θ 1 and α 1 .
The values of α 0 , θ 1 and α 1 are substituted in Equation (14) . The values of U, V, W, P, Q and R are computed by solving the linear system formed by six of the nine equations in (14). The angles α 3 and φ can be found using the following equations:
By definition, P, Q and R are linear in terms of a 3 , d 3 and d, therefore, after substituting the computed values of α 3 and φ into the definitions of P, Q and R, a 3 , d 3 and d can be found by solving a 3 by 3 linear system.
The above results are substituted in Equations (5), (6) and (8) where the terms c 2 , s 2 and d 1 have been substituted with their symbolic expressions from Equations (7), (9) and (10) . The terms a 1 , d 2 and N are computed by solving a system of linear equations. Note that a 1 and d 2 depend linearly on a 0 and d 0 which are also free choices (see section 2). The angles α 2 and the length a 2 can now be found:
The joint variables θ 2 and d 1 at each of the four precision points is computed using Equations (7), (9) and (10) . Finally, θ 3 is computed using the 1st and 2nd column of the matrix Equation (4).
NUMERICAL EXAMPLE
In this section, one numerical example is shown. The computation is carried out using Maple 6 on a Dell Workstation. For this problem, four precision points are arbitrarily selected. These precision points are defined by the position coordinates of the origin of the end-effector frame with respect to the fixed reference frame and the direction cosines of the end-effector frame with respect to the fixed reference frame. These four precision points that are selected give the following A hi matrices where i=1, 2, 3 and 4: 
. 
For this problem, the numerical value of the free choice θ 0 is 0.7751933733. Note that d 0 and a 0 are also free choices, but they play no role in the computation of the final polynomial since they are eliminated in deriving Equations (11), (12) and (13). Using the given precision points and free choice, the final polynomial is found to be: The computed values of the DH parameters of the twelve manipulators solutions are given in Table 1 . The units for angular parameters are in radians while the units for lengths can be anything provided that it is consistent with the units used to define the end-effector position coordinates shown in the 4 th column of matrices A h . Note that I is the square root of -1. In this example, there are 8 real manipulators that could place their end-effectors at the four specified precision points while the other four solutions are complex.
CONCLUSIONS
In this paper, the geometric design problem of serial-link spatial prismatic-revolute-revolute (PRR) robot manipulators is solved, for the first time, using polynomial elimination techniques. Four spatial positions and orientations are defined and the DH parameters of the PRR manipulator are computed so that the manipulator will be able to place its end-effector at these pre-specified locations. It is shown that twelve manipulators can be found at the most that can place their endeffectors at the four specified precision points. 
